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Abstract
We study the third quantization of the Friedmann-Robertson-Walker cosmology with N-minimal massless fields. The
third quantized Hamiltonian for the WDW equation in the minisuperspace consists of infinite number of intrinsic time-
dependent, decoupled oscillators. The Hamiltonian has a pair of invariant operators for each universe with conserved
momenta of the fields that play a role of the annihilation and the creation operators and that construct various quantum
states for the universe. The closed universe exhibits an interesting feature of transitions from stable states to tachyonic
states depending on the conserved momenta of the fields. In the classical forbidden unstable regime, the quantum
states have googolplex growing position and conjugate momentum dispersions, which defy any measurements of the
position of the universe.
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1. Introduction
The recent seven-year Wilkinson Microwave
Anisotropy Probe (WMAP) observation [1] and South
Pole Telescope Sunyaev-Zel’dovich (SPT-SZ) survey
[2] support the ΛCDM model with an inflaton. The
spacetime of the universe is the Friedmann-Robertson-
Walker (FRW) geometry with a cosmological constant
and the matter field is a single large-field inflaton
with a power not greater than two. It would thus be
interesting to study the FRW universe with a scalar field
beyond the inflationary era. The quantum fluctuations
of not only matter fields but also spacetimes become
important far beyond the inflation period toward the
Big Bang singularity.
Hawking and Penrose have shown that under the
weak energy condition all timelike (null) geodesics end
at a singularity and the universe must have the Big Bang
singularity [3]. In many inflationary models the weak
energy condition is violated but under the averaged
Hubble expansion the universe has also a beginning
[4]. General relativity necessarily ends up with with the
Big Bang singularity, the classical theory breaks down
and geometries and matters suffer quantum fluctuations.
Therefore understanding the universe including the Big
Bang era necessarily requires quantum gravity.
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The quantum geometrodynamics based on the
Wheeler-DeWitt (WDW) equation is a canonical ap-
proach, in which three-geometries of spacelike hyper-
surfaces and their extrinsic curvatures are conjugate
pairs [5]. The advantage of the geometrodynamic ap-
proach is that the variables present in the Einstein equa-
tion for cosmological models are quantized and that
semiclassical gravity emerges from oscillatory wave
packets along classical spacetime trajectories but still
keeping quantum fluctuations of matters. Another quan-
tum gravity is the path integral over all geometries and
matters, which is substantiated by Hartle-Hawking’s
no-boundary wave function that sums all compact Eu-
clidean geometries which match with the Lorentzian ge-
ometry on a three-hypersurface [6, 7].
The Hartle-Hawking wave function seems to be qual-
itatively favored by the current cosmological obser-
vations [8]. However, it would be interesting to re-
visit quantitatively quantum FRW cosmology with min-
imal scalar fields with monomial and general poten-
tials [9, 10, 11]. One advantage of quantum cosmol-
ogy based on the WDW equation is that semiclassical
gravity emerges from WDW equation along wave pack-
ets and recovers unitary quantum field theory in the
curved spacetime. Thus it provides a natural and con-
sistent framework to study the back-reaction problem
[12, 13, 14, 15]. For instance, quantum FRW cosmol-
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ogy with massless fields together with a cosmological
constant explains the back-reaction of de Sitter radia-
tion [16], which is equivalent to the back-reaction of
Hawking radiation in a de Sitter Schwarzschild black
hole [17].
This paper is the first of series of works on the
third quantized formulation of quantum FRW cosmol-
ogy with a minimal scalar field
[
− ∂
2
∂α2
+
∂2
∂φ2
+ Vm(φ, α) + Vg(α)
]
Ψ(α, φ) = 0 (1)
with eα being the scale factor and Vg denoting the terms
from the three-geometry curvature and the cosmologi-
cal constant of the FRW geometry. Quantum cosmol-
ogy with a minimal massive scalar field was studied
by Hawking [7] and with a minimal massive field in
perturbed FRW geometry by Halliwell and Hawking
[18]. Quantum FRW cosmology (1) with minimal scalar
fields with monomial and general potentials was inten-
sively studied by Kim [9, 10] and Kim and Page [11]. A
remarkable prediction of the quantum FRW cosmology
with a minimal scalar field is that the wave functions
(1) may not be singular even at the Big Bang singularity
[10]. The set of wave functions of the WDW equation is
infinite corresponding to infinitely many Cauchy initial
data [10, 19].
Each wave function of the WDW equation (1) de-
scribes a universe with fixed physical parameters such
as the cosmological constant, the topology of the geom-
etry and quanta for scalar fields. The proper context to
interpret the wave functions may associate them with
the operators that create or annihilate the wave func-
tions. The quantization of the WDW equation is called
the third quantization or quantum field theory since the
WDW equation involves the second quantized matters.
In the third quantization the WDW equation is a wave
operator residing on the superspace and the wave func-
tions are associated with the corresponding creation and
annihilation operators [20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33, 34, 35]. Thus the Hilbert space con-
sists of the vacuum of no-universe, one-universe state
and multi-universe states.
In the third quantization for quantum cosmology,
Hosoya and Morikawa [21] studied a spatially flat FRW
cosmology minimally coupled to a massless scalar field
and Abe [27] and Horiguchi [28] also studied an open
universe with a cosmological constant with or without
a massless field. In this paper we shall study quan-
tum cosmology for an open or closed FRW universe
with N-massless scalar fields. The wave function of the
WDW equation could be found in terms of the Bessel
and the Hankel functions for the open universe and in
terms of the Bessel and the modified Bessel functions
for the closed universe. The compact spaces with con-
stant curvature in the multidimenional quantum cosmo-
logical model play the same role of the massless fields
in the WDW equation [25, 36]. A spatially flat universe
will not be considered since the WDW equation is the
same a free Klein-Gordon equation. Each wave function
for given momenta of the massless fields carries the evo-
lution of the universe in the third quantized formulation.
The three-curvature of the FRW geometry provides an
intrinsic time-dependent term. This Hamiltonian for the
WDW equation is equivalent to an infinite number of
decoupled time-dependent oscillators, whose quantum
states could be found in terms of the invariant operators
that play the role of the time-dependent annihilation and
creation operators. These operators for each universe
with the given momenta and with the given topology
construct interesting wave functions, such as the Gaus-
sian wave functions, the number-state wave functions
and the coherent states.
The organization of this paper is as follows. In Sec.
2 we review the WDW equation for the FRW universe
minimally coupled to N-massless scalar fields and find
the solutions for the open and closed universes. In Sec.
3 we formulate the quantum FRW cosmology in the
third quantization and introduce pair of invariant op-
erators that act as the time-dependent annihilation and
creation operators for each momenta of the fields. In
particular, the Gaussian wave functions that are dual to
each other, not necessarily complex conjugate, are in-
troduced. The dispersion relation and the uncertainty
are computed in terms of the solutions for the WDW
equation. In Sec. 4 we discuss the production of baby
universes during the evolution of universe. The closed
universe takes tachyonic states for super-Planckian size,
which is analogous to the second order phase transition.
We advance a method to quantize this tachyonic uni-
verse.
2. Wheeler-DeWitt Equation
We consider quantum cosmology for a FRW uni-
verse with N-minimal massless scalar fields. The WDW
equation takes the form (in the Planckian units of ~ =
c = G = 1)[
 −M2(α)
]
Ψ(α, φn) = 0, (2)
where eα is the scale factor and  is the D’Alembertian
operator
 = − ∂
2
∂α2
+
N∑
n=1
∂2
∂φ2n
, (3)
2
and the α-dependent mass
M2(α) = −ke4α (4)
comes from the scalar curvature of the three-geometry
multiplied twice by the volume factor, where k = 1, 0
and −1 are for a closed, flat and open universe, respec-
tively. The minisuperspace for the scale factor and the
scalar fields has the Lorentzian spacetime metric in 1+N
dimensions
ds2 = −dα2 +
N∑
n=1
dφ2n, (5)
on which eq. (3) is a wave operator. The multi-
dimensional manifold R×M1×· · ·×MN for each compact
space Mn of constant curvature [25, 36] has the minisu-
perspace of the form (5).
The fact that time does not appear in the super-
Hamiltonian and the super-momenta constraints in the
ADM formalism raises the question of the origin of time
in canonical quantum gravity, i.e, the WDW equation.
It should be reminded that the superspace for a glob-
ally hyperbolic spacetime, such as the FRW geometry,
has a Lorentzian signature and one of the variables may
play an intrinsic time in the superspace. Then the WDW
equation is the (1 + N)-dimensional wave equation in
the superspace with a time-dependent mass. Hence it is
legitimate to regard α as the intrinsic time. Any func-
tion of α may play the same role, which corresponds to
a reparametrization of the wave operator. The choice
of α makes the WDW equation resembling the wave
equation in the Minkowski spacetime with the time-
dependent mass.
Each field φn has a conserved momentum pn related
to eipnφn . The solution of the form
Ψ(α, ~φ) = ei~p·~φψ~p(α), (6)
with ~φ = (φ1, · · · , φN) and ~p = (p1, · · · , pN), separates
the WDW equation as
[
∂2
∂α2
+ ~p2 − ke4α
]
ψ~p(α) = 0. (7)
The solutions to eq. (7) for k = −1 are given by the
Bessel and the Hankel functions [37]
ψ~p(α) = Z±ip/2
(1
2
e2α
)
, (8)
and for k = 1 by the Bessel functions and the modified
Bessel functions
ψ~p(α) = I±ip/2
(1
2
e2α
)
, K±ip/2
(1
2
e2α
)
. (9)
Note that the solutions (9) can be obtained by analyti-
cally continuing eq. (8) through α+iπ/4, which changes
the sign of k in the equation (7). The case of k = 0 ex-
actly takes the form of the massless Klein-Gordon equa-
tion.
There is another question of interpreting the wave
functions for the WDW equation. The probabilistic in-
terpretation of the wave functions is problematic as for
the Klein-Gordon equation. However, with respect to
the intrinsic time α, the WDW equation may have the
inner product [26]
〈ΨI(α, ~φ),ΨII(α, ~φ)〉 =
i
∫
dNφ
(
Ψ
∗
I (α, ~φ) ˙ΨII(α, ~φ) −ΨII (α, ~φ) ˙Ψ∗I (α, ~φ)
)
(10)
on each space-like hypersurface α = constant. Here and
hereafter dots denote the derivatives with respect to the
intrinsic time α. One may be tempted to quantize field
with respect to the inner product (10) as
ˆΨ(α, ~φ) =
∫ dNφ
(2π)N/2
(
ei~p·~φψ~p(α)aˆ~p + H. C.
)
, (11)
where ψ~p(α) is a positive frequency solution with re-
spect to α, H. C. denotes the Hermitian conjugate, and
aˆ~p and its Hermitian conjugate aˆ†~p are Schro¨dinger op-
erators. The quantization (11) holds as far as ψ∗
~p(α) is
a negative frequency solution, which is not necessarily
true for the closed universe as will be shown in Sec. 4.
We may use the annihilation and the creation operators
to construct the Hilbert space consisting of the vacuum
of no-universe (nothingness) and the one-universe and
the multi-universes
C ⊕ H ⊕ (H ⊗ H) ⊕ (H ⊗ H ⊗ H) ⊕ · · · , (12)
where C denotes the vacuum state
aˆ~p|0〉 = 0 (for all ~p), (13)
and H denotes the single universe
aˆ
†
~p|0〉 (for any ~p)), (14)
and H ⊗ H denotes double universes
aˆ
†
~paˆ
†
~p′ |0〉 (for any ~p and ~p′), (15)
and so on.
As will be shown in the following sections, the third
quantization of the super-action may shed light on inter-
preting the quantum states, in particular, of the closed
universe.
3
3. Third Quantized Formulation
In the third quantized formulation, the WDW equa-
tion can be obtained from the super-action in the super-
space
S = 1
2
∫
dαdNφ
[(
∂Ψ
∂α
)2
−
(
∇~φΨ
)2
−M2(α)Ψ2
]
. (16)
The variation δS/δΨ leads to the WDW equation (2).
We expand the wave function by the Fourier mode as
Ψ(α, φ) =
∫ dN p
(2π)N/2ψ~p(α)e
i~p·~φ. (17)
Redefining the field as
ψ(+)~p =
1
2
(ψ~p + ψ−~p), ψ(−)~p =
1
2i
(ψ~p − ψ−~p), (18)
we obtain∫
dNφΨ2(α, ~φ) =
∫
dN p
(
ψ2(+)~p + ψ
2
(−)~p
)
,
∫
dNφ ˙Ψ2(α, ~φ) =
∫
dN p
(
˙ψ2(+)~p + ˙ψ
2
(−)~p
)
. (19)
Therefore, the Hamiltonian in the third quantization
takes the form
H(α) = 1
2
∑
±
∫
dN p
[
π˙2(±)~p + ω
2
p(α)ψ2(±)~p
]
, (20)
where π(±)~p = ˙ψ(±)~p and the time-dependent frequency
is
ω2p(α) = ~p2 − ke4α. (21)
The Hamiltonian (20) is an infinite sum of time-
dependent oscillators. For the open (k = −1) and the
flat (k = 0) universes, the frequencies always take real
values, so the Hamiltonian (20) describes ordinary time-
dependent oscillators. However, for the closed universe
(k = 1) the squared frequencies become negative when
e4α > p2, and thus the universe has a maximum size
eα0 = a0 =
√p at the classical level, beyond of which it
becomes tachyonic at the quantum level.
3.1. Quantum States of Universes
The quantum law for the universe is the intrinsic
time-dependent Schro¨dinger equation
i
∂
∂α
Ψ(α) = ˆH(α)Ψ(α). (22)
As the Hamiltonian is decoupled, the wave function is
the product of the wave function for each Fourier mode:
Ψ(α) =
∏
(±)~p
Ψ(±)~p(α), (23)
where each Fourier-mode independently obeys the
Scho¨dinger equation
i
∂
∂α
Ψ(±)~p(α) = ˆH(±)~p(α)Ψ(±)~p(α). (24)
The time-dependent Schro¨dinger equation has the well-
known invariant discovered by Lewis and Riesenfeld,
whose eigenstates provide the exact quantum states up
to time-dependent phase factors [38]. Here we shall use
a pair of invariants of the form [39, 40, 41]
aˆ(±)~p(α) = i
[
u¯~p(α)πˆ(±)p − ˙u¯~p(α) ˆψ(±)~p
]
,
aˆ
†
(±)~p(α) = −i
[
u~p(α)πˆ(±)p − u˙~p(α) ˆψ(±)~p
]
, (25)
for two independent solutions u~p(α) and u¯~p(α) of eq.
(7), which satisfy the Liouville-von Neumann equation
i
∂aˆ(±)~p(α)
∂α
+
[
aˆ(±)~p(α), ˆH(±)~p(α)
]
= 0. (26)
The Wronskian condition from the quantization rule of
the field (10)
Wr[u~p(α), u¯~p(α)] = −i. (27)
makes aˆ(±)~p(α) and aˆ†(±)~p(α) the time-dependent annihi-
lation and creation operators with the equal-time com-
mutation relation
[aˆ(±)~p(α), aˆ†(±)~p′ (α)] = δ~p~p′ . (28)
The quantum states for each oscillator can be con-
structed from the creation and the annihilation operators
(25). In the ket-vector representation, the ground state
is
aˆ(±)~p(α)|0(±)~p, α〉 = 0, (29)
and the number states are
|n(±)~p, α〉 =
(
aˆ
†
(±)~p(α)
)n(±)~p
√
n(±)~p!
|0(±)~p, α〉. (30)
The vacuum for the WDW equation of the form (23) is
given by
|0, α〉 =
∏
(±)~p
|0(±)~p, α〉. (31)
Another interesting state is the coherent state
aˆ(±)~p(α)|z(±)~p, α〉 = z(±)~p |z(±)~p, α〉, (32)
for a complex constant z(±)~p. In the case of u¯p = u∗p the
coordinate representation of the bra-vector is the com-
plex conjugate of that of the ket-vector.
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However, in the case of u¯p , u∗p, the bra-vector rep-
resentation for the dual-ground state is
〈0(±)~p, α|aˆ†(±)~p(α) = 0, (33)
and for the dual-coherent state is
〈z¯(±)~p, α|aˆ†(±)~p(α) = z¯(±)~p〈z¯(±)~p, α|, (34)
for another constant complex z¯(±)~p. The coordinate rep-
resentation is for the ket-vector
Ψ(ψ(±)~p, α) = 〈ψ(±)~p |0, α〉
=
1√√
πu¯p
exp
[
i
˙u¯p
u¯p
ψ2(±)p
]
, (35)
and for the bra-vector
¯Ψ(ψ(±)~p, α) = 〈0, α|ψ(±)~p〉
=
1√√
πup
exp
[
−i u˙p
up
ψ2(±)p
]
. (36)
Note that the orthonormality of the bra- and ket-vectors,
〈0, α|0, α〉 = 1, is realized as∫
dψ(±)~p ¯Ψ(ψ(±)~p, α)Ψ(ψ(±)~p, α) = 1, (37)
due to eq. (27). Then the Fock space of ket-vectors
and bra-vectors leads to the propagator for the WDW
equation of the form
∏
(±)~p
( ∞∑
n(±)~p=0
|n(±)~p, α〉〈n(±)~p, α0|
)
. (38)
Using the Wronskian condition (27), the field and the
momentum operators are expressed as
ˆψ(±)p = u~p(α)aˆ(±)~p(α) + u¯~p(α)aˆ†(±)~p(α),
πˆ(±)p = u˙~p(α)aˆ(±)~p(α) + ˙u¯~p(α)aˆ†(±)~p(α). (39)
The third quantized field is given in terms of pairs of the
invariant operators as
ˆΨ(α, ~φ) =
∫ dNφ
(2π)N/2
[
ei~p·~φu~p
(
aˆ(+)~p + iaˆ†(+)~p
)
+e−i~p·~φu~p
(
aˆ(−)−~p + iaˆ†(−)−~p
)]
. (40)
One can show that
〈0, α| ˆψ(±)~p|0, α〉 = 〈0, α|πˆ(±)~p|0, α〉 = 0 (41)
and
〈0, α| ˆψ2(±)~p|0, α〉 = u¯~p(α)u~p(α),
〈0, α|πˆ2(±)~p|0, α〉 = ˙u¯~p(α)u˙~p(α). (42)
Further, the coherent state follows a classical trajectory
〈z¯(±)~p, α| ˆψ(±)~p|z(±)~p, α〉 =
z(±)~pu(±)~p(α) + z¯(±)~pu¯(±)~p(α), (43)
provided that z¯(±)~pu¯(±)~p = (z(±)~pu(±)~p)∗.
4. Open and Closed Universes
The WDW equation for a spatially flat FRW universe
is trivial as the Klein-Gordon equation in the Minkowski
spacetime and will not be considered further in this pa-
per. The open universe becomes an infinite system of in-
trinsic time-dependent oscillators while the closed uni-
verse shows an interesting feature of tachyonic behav-
ior for the super-Planckian size (sub-Planckian energy)
universes for given momenta for massless fields. How-
ever, both universes become ultra-relativistic at the sub-
Planckian scale (super-Planckian energy) and behave as
a free field with the given momenta. We shall separately
treat the open and the closed universes below.
4.1. Open Universe
The sub-Planckian size universe (eα ≪ √p) belongs
to a ultra-relativistic regime dominated by the kinetic
energy of massless fields and has the solutions
up(α) = 2
−ip√
2p
Γ(1 − ip/2)J−ip/2
(
e2α
2
)
,
u¯p(α) = u∗p(α). (44)
Then the solutions are asymptotically up = e−ipα/
√
2p
and u¯p = eipα/
√
2p, which correspond to the positive
and negative frequency solutions with respect to i∂/∂α,
respectively. The annihilation and the creation operators
in eq. (25) with (44) allow us to construct the Gaussian
wave function, the number-state wave functions and the
coherent state. From the dispersion relations (41) and
(42) we find that
∆ψ2(±)p =
1
2p
, ∆π2(±)p =
p
2
. (45)
Thus the Gaussian wave function has the standard dis-
persion for a simple harmonic oscillator and keeps the
minimum uncertainty.
On the other hand, the super-Planckian size universe
(eα ≫ √p) has the positive and negative frequency so-
lutions
vp(α) =
√
π
8 e
−i π4 e
pπ
4 H(2)ip/2
(
e2α
2
)
,
v¯p(α) =
√
π
8 e
i π4 e−
pπ
4 H(1)ip/2
(
e2α
2
)
. (46)
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Here vp for up and v¯p for u¯p in eq. (25) lead to another
pairs of invariant operators
ˆb(±)~p(α) = i
[
v¯~p(α)πˆ(±)p − ˙v¯~p(α) ˆψ(±)~p
]
,
ˆb†(±)~p(α) = −i
[
v~p(α)πˆ(±)p − v˙~p(α) ˆψ(±)~p
]
. (47)
The solution (46) can be analytically continued to the
sub-Planckian size universe [37]
vp(α) = µpup(α) + νpu¯p(α), (48)
where
µp =
√
pπ
4
2ipe−i π4 e
pπ
4
Γ(1 − ip/2) sinh(pπ/2) ,
νp = −
√
pπ
4
2−ipe−i π4 e−
pπ
4
Γ(1 + ip/2) sinh(pπ/2) . (49)
Note that the Bogoliubv relation |µp|2 − |νp|2 = 1 holds.
The linear relation (48) leads to the Bogoliubov trans-
formation
ˆb(±)p(α) = µ∗paˆ(±)p(α) − ν∗paˆ†(±)p(α). (50)
Now the dispersion relations
∆ψ2(±)p =
1
2e2α
, ∆π2(±)p =
e2α
2
, (51)
show that the Gaussian wave packet is sharply peaked
around ψ(±)p = 0 at the cost of the widely broadened
dispersion in the momentum space. However, the un-
certainty keeps the minimum value at the leading order.
In the third quantization, the super-Planckian size
universe has the Planckian distribution of the sub-
Planckian size universes
Np =
1
epπ − 1 . (52)
4.2. Closed Universe
The quantization of the closed universe is more in-
triguing than the open or flat universe since the fre-
quency for each oscillator changes the sign after eα0 =√p and thus becomes unstable. The inverted quantum
oscillators occur in the slow-rolling inflation model [42]
and in the second order phase transition [43].
Now the solutions for sub-Planckian size universes
are
up(α) = 2
−ip√
2p
e−
pπ
4 Γ(1 − ip/2)J−ip/2
( ie2α
2
)
,
u¯p(α) = 2
ip√
2p
e
pπ
4 Γ(1 + ip/2)Jip/2
( ie2α
2
)
. (53)
It should be noted that u¯p is not the complex conjugate
of up but the replacement of p by−p. Thus the Gaussian
wave function (36) for the bra-vector is not the complex
conjugate of (35) for the ket-vector. These two Gaus-
sian wave packets form an orthonormal pair. With re-
spect to these two Gaussian wave packets the dispersion
relations take the asymptotic values
∆ψ2(±)p =
1
2p
, ∆π2(±)p =
p
2
. (54)
In fact, the asymptotic form of eq. (53) is the same as
that of eq. (44) for the open universe up to a constant.
On the other hand, for the super-Planckian size uni-
verse, the invariant operators (25) may constructed from
vp(α) =
√
πS
2
I−ip/2
( ie2α
2
)
+ i
√
π
2S
K−ip/2
( ie2α
2
)
,
v¯p(α) =
√
πS
2
I−ip/2
( i
2
e2α
)
− i
√
π
2S
K−ip/2
( i
2
e2α
)
.
(55)
Here S is a real constant to be determined later. The
solutions (55) have the asymptotic forms
vp(α) = 1√
4e2α
(
S e
1
2 e
2α
+
i
S
e−
1
2 e
2α
)
,
v¯p(α) = 1√
4e2α
(
S e
1
2 e
2α − i
S
e−
1
2 e
2α
)
, (56)
and, therefore, the dispersion relations are given by
∆ψ2(±)p =
1
4e2α
(
S 2ee2α + 1
S 2
e−e
2α
)
,
∆π2(±)p =
e2α
4
(
S 2ee2α + 1
S 2
e−e
2α
)
. (57)
The googolplex growing dispersion in the position im-
plies that any measurement of localization of the uni-
verse may fail.
Using the relations of Bessel functions [37] in a Rie-
mann sheet −π < z ≤ π/2
Iν(z) = e− π2 νiJν
(
iz
)
,
Kν(z) = iπ2 e
π
2 νiH(1)ν
(
iz
)
,
H(1)ν (z) =
ie−iνπ
sin(νπ) Jν(z) −
i
sin(νπ) Jν(z), (58)
we may find the relation
vp(α) = µpup(α) + νpu¯p(α). (59)
Here the Bogoliubov coefficients are given by
µp =
√
pπ
4
[
2e−
pπ
4 +
(
S e−
pπ
4 +
e
pπ
4
S
)
e−
pπ
2
sinh( pπ2 )
]
6
× 2
ipe
pπ
4
Γ(1 − ip/2) ,
νp = −
√
pπ
4
(
S e−
pπ
4 +
e
pπ
4
S
)
e−
pπ
2
sinh( pπ2 )
× 2
−ipe−
pπ
4
Γ(1 + ip/2) . (60)
The Bogoliubov relation |µp|2−|νp|2 = 1 holds, provided
S satisfies
S 2 + e
pπ
4
(
e
pπ
2 + e−
pπ
2 +
√
epπ − 1
)
S + e
pπ
2 = 0. (61)
Then the number of sub-Planckian size universes
contained in the super-Planckian size universe is
Np =
1
epπ − 1
[
e
pπ
2
(
e
pπ
2 + e−
pπ
2 +
√
epπ − 1
)2]
. (62)
The terms in the square bracket is an amplification fac-
tor for production of super-Planckian size universes.
5. Conclusion
Quantum cosmology may be a consistent framework
for studying quantum fluctuations of spacetime and
matters. In particular, the WDW equation has one-to-
one correspondence with the variables for classical cos-
mology. Further, the wave packet is peaked along the
quasi-classical trajectory in the superspace. The large
disparity between the Planck mass and the matter fields
may separate gravity from matter fields a la the Born-
Oppenheimer idea of separating heavy particles from
light particles and the Born-pilot theory of writing quan-
tum law as the Hamilton-Jacobi equation together with
the continuity equation for the amplitude. This leads
to the semiclassical gravity, in which gravity becomes
classical while matter fields still obey the unitary quan-
tum field theory. This quantum-to-(semi)classical tran-
sition may resolve the back-reaction problem of gravi-
tational and matter fluctuations at the one-loop level. At
least quantum cosmological models with a few gravita-
tional degrees of freedom and matter fields such as in-
flatons could avoid fundamental questions on quantum
gravity such as renormalization, unitarity, etc.
In this paper we have studied quantum cosmology for
the FRW universe with N-massless scalar fields. The
massless fields may have an analog of radiation in the
FRW universe. Compact spaces with constant curvature
in some multidimensional cosmological models play the
same role of massless fields. The quantum FRW cosmo-
logical model with massless fields is exactly solvable as
shown in this paper. Further, the quantum FRW cosmo-
logical model for the closed universe exhibits an intrigu-
ing feature that the forbidden region beyond the clas-
sical size suffers from an instability for quantum uni-
verses. It has an analog of second order phase transi-
tions quenched by some external agents. We have con-
structed the quantum states for the universe beyond the
classical region. The dispersion relation of the position
of the field in the third quantization grows as googol-
plex, which makes any measurement of the size of the
universe meaningless far beyond the classical regime.
Further, the googolplex growing uncertainty also sug-
gests that quantum universes in the classically forbidden
region behave as classical.
Keeping in mind the quantum-to-(semi)classical tran-
sition, it would be interesting to consider the quantum
cosmological models with single-field inflatons consis-
tent with the current CMB data such as the seven-year
WMAP and SPT, etc. For instance, the massive scalar
field is still viable from the observational data. As
shown in refs. [10, 19] the WDW equation could not be
separated by mode-by-mode; instead, the gravitational
field part expanded by the eigenfunctions of the massive
scalar field takes a coupled vector equation. In fact, the
instantaneous eigenfunctions change as a function of the
intrinsic time, whose evolution is governed by the cou-
pling matrix [10]. The third quantized FRW universe
with a massive scalar field is analogous to the Klein-
Gordon equation in a homogeneous and time-dependent
magnetic field, whose transverse motion corresponds to
the scalar field in the WDW equation. Thus the third
quantized formulation of the massive scalar field cos-
mology is an infinite number of coupled time-dependent
oscillators, whose study will be advanced in future pub-
lication.
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